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FROBENIUS MORPHISMS
AND REPRESENTATIONS OF ALGEBRAS

BANGMING DENG AND JIE DU

ABSTRACT. By introducing Frobenius morphisms F' on algebras A and their
modules over the algebraic closure Fq of the finite field Fy of g elements, we
establish a relation between the representation theory of A over Fq and that
of the F-fixed point algebra AF over Fq. More precisely, we prove that the
category mod-A¥ of finite-dimensional A¥-modules is equivalent to the sub-
category of finite-dimensional F-stable A-modules, and, when A is finite di-
mensional, we establish a bijection between the isoclasses of indecomposable
AF_modules and the F-orbits of the isoclasses of indecomposable A-modules.
Applying the theory to representations of quivers with automorphisms, we
show that representations of a modulated quiver (or a species) over Fq can be
interpreted as F-stable representations of the corresponding quiver over Fq.
We further prove that every finite-dimensional hereditary algebra over Fy is
Morita equivalent to some Af, where A is the path algebra of a quiver Q
over Fq and F' is induced from a certain automorphism of Q. A close rela-
tion between the Auslander-Reiten theories for A and A is established. In
particular, we prove that the Auslander-Reiten (modulated) quiver of AF is
obtained by “folding” the Auslander-Reiten quiver of A. Finally, by taking
Frobenius fixed points, we are able to count the number of indecomposable
representations of a modulated quiver over F, with a given dimension vector
and to generalize Kac’s theorem for all modulated quivers and their associated
Kac—Moody algebras defined by symmetrizable generalized Cartan matrices.

1. INTRODUCTION

In his work [14], Gabriel introduced the idea of quiver representations and dis-
covered a remarkable connection between the indecomposable representations of
(simply-laced) Dynkin quivers and the positive roots of the corresponding finite-
dimensional simple Lie algebras. The theory of quiver representations may not only
be viewed as a new language for a whole range of problems in linear algebra, but
it also provides a platform for bringing new ideas and techniques from algebraic
geometry and Lie theory into the subject. There are two major fundamental de-
velopments after Gabriel’s work. In order to complete Gabriel’s classification to
include all Dynkin graphs, Dlab and Ringel [10] studied representations of a modu-
lated quiver (or a species) and proved that a modulated quiver admits only finitely
many indecomposable representations if and only if it is of Dynkin type. In the sub-
sequent works [12] 31l [TT], representations of both quivers and modulated quivers
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of “tame” representation type are classified. On the other hand, by employing the
methods of invariant theory, Kac [24] 25] was able to establish a connection between
the indecomposable representations of any finite quiver and the positive roots of
the corresponding Kac-Moody algebra with a symmetric generalized Cartan ma-
trix. See [32] for a further developing influence of the theory of finite-dimensional
algebras in the study of Lie theory.

These fundamental works provide two major approaches in the representation
theory of algebras. The quiver approach over an algebraically closed field often
uses geometric methods and deals with the case of symmetric (generalized) Car-
tan matrices in the context of Lie theory, while the modulated quiver approach,
though a bit artificial, is purely algebraic, and suitable for an arbitrary ground
field. In particular, the underlying valued quiver of a modulated quiver over a fi-
nite field is usually not constantly valued. So the corresponding Cartan matrix is
not symmetric, but symmetrizable. Thus, the modulated quiver approach covers
all symmetrizable Cartan matrices. Since a symmetrizable Cartan matrix can be
obtained by folding the graph of a symmetric Cartan matrix via a graph automor-
phism, it is natural to ask if such an idea of folding can be lifted to the algebra and
representation levels.

Originating from Galois theory, Frobenius morphisms are fundamental in the
theory of algebraic groups and their representations. It is the key idea to investi-
gating the rational structure of algebraic groups and to relating finite groups of Lie
type to the corresponding algebraic groups (see [3]). In the theory of rational repre-
sentations of algebraic groups, Frobenius kernels play a key role, and the Frobenius
twisting functor is centrally important in solving the main problems of the theory
such as Steinberg’s tensor product theorem and the Lusztig conjecture (see [22]).

In this paper, we shall combine the idea of folding graphs with the idea of
Frobenius morphisms to build a direct bridge between the quiver and modulated
quiver approaches. By introducing Frobenius morphisms on algebras A defined
over ﬁq, we shall prove that representations of the fixed point algebra AT are
obtained by taking fixed points of F-stable representations of A. In particular, if
A is the path algebra of a quiver ) which admits an admissible automorphism o,
i.e., the path algebra of an ad-quiver (see Example 3.5), and F is the Frobenius
morphism on A induced from o, then A is isomorphic to the tensor algebra of the
modulated quiver obtained by “folding” @ and A through o and F', respectively.
Thus, the representation theory of an F,-modulated quiver can be realized as that
of an ordinary quiver ) by simply taking fixed points of F-stable representations
of Q over F,. We further prove that the representation types of modulated quivers
are completely determined by the corresponding classification for quivers and that
every finite-dimensional hereditary (basic) algebra over a finite field is isomorphic
to the fixed point algebra of a path algebra. We also establish a relation between
the Auslander-Reiten theories of A and its fixed point algebra AF".

We organize the paper as follows. Section 2 is a brief introduction to Fg-
structures of vector spaces. In §3 we consider algebras A with Frobenius mor-
phisms F' and define F-stable A-modules. Then we show that the category of
F-stable A-modules is equivalent to the category of modules over the fixed point
algebra AT, In §4 we define the Frobenius twist of an A-module and introduce
the notion of F-periodic A-modules. As a result, we prove in §5 that each inde-
composable A¥-module can be obtained by “folding” F-periodic A-modules. In
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particular, if A is finite dimensional, there is a bijection between indecomposable
AF-modules and F-orbits of the indecomposable A-modules. As a first applica-
tion to representations of quivers with automorphisms, it is shown in §6 that the
representation theory of a modulated quiver (or a species) over F, is completely
determined by the representation theory of the corresponding quiver over Fq. We
further prove that every finite-dimensional hereditary algebra over F, is Morita
equivalent to some A%, where A is the path algebra of a quiver Q over F, and F is
the Frobenius morphism induced from an automorphism of Q). In §7 we establish a
relation between almost split sequences of A and A, Section 8 is devoted to prov-
ing that the Auslander-Reiten (modulated) quiver of AF is obtained by folding the
Auslander-Reiten quiver of A. In §9 and §10, we present formulae for the number
of indecomposable F-stable representations of an ad-quiver with a fixed dimension
vector and generalize Kac’s theorem to cover all modulated quivers and their as-
sociated (symmetrizable) Kac-Moody algebras. Thus, we reobtain and generalize
some results in [I8] 8 [21].

Arising from the representation theory of semi-simple Lie algebras and alge-
braic groups, quasi-hereditary algebras introduced by E. Cline, B. Parshall and
L. Scott [33] ] are generally regarded as a Lie theory approach to the theory of
finite-dimensional algebras. The present work can also be regarded as another such
example. In fact, it was motivated by a problem for the universal enveloping alge-
bras of semi-simple Lie algebras. In [0, [7], a strong monomial basis property was
discovered for quantized enveloping algebras of simply-laced Dynkin or cyclic type.
To establish a similar property for a non-simply-laced Dynkin type, the theory de-
veloped in this paper will allow us to use some geometric methods from the quiver
approach in the modulated quiver case. In a forthcoming paper, we shall com-
plete our task on the strong monomial basis property for all quantized enveloping
algebras of finite type.

Throughout, let g be a prime power, let Fy be the finite field of q elements and
let k be the algebraic closure F, of F,. For any r > 1, let Fyr denote the unique
extension field of F, of degree r contained in k = F,. All modules considered are
left modules of finite dimension over the base field. If M is a module, [M] denotes
the class of modules isomorphic to M, i.e., the isoclass of M. For any field k, the
notation k™*™ denotes the set of all m x n matrices over k.

2. Fq—STRUCTURES ON VECTOR SPACES

An Fy-structure on a vector space V over k is an Fg-subspace Vy of V' viewed
as a space over IF, such that the canonical homomorphism Vo ®p, k& — V is an
isomorphism. We shall always identify V' with Vj ® k in the sequel.

Lemma 2.1. A k-space V' has an Fy-structure Vo if and only if
Vo=VF={veV|F@)=uv}
for some F,-linear isomorphism F : V — V satisfying

(a) F(A)=XF(v) for allv eV and X € k;
(b) for anyv € V, F™(v) =wv for some n > 0.

Proof. 1f V has an F-structure Vy, then we have V' = Vy®r_k and define F': V — V
by sending v ® A to v ® A9, Clearly, Vo = VI and F satisfies the conditions (a) and
(b). The proof for the converse is given in [9, 3.5]. O
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The map F'is called a Frobenius map. By the lemma, we see that an F,-structure
on V is equivalent to the existence of a Frobenius map. From the proof we see that
if F:V — V is a Frobenius map, then there is a basis {v;} of V such that

Corollary 2.2. If F and F' are Frobenius maps on a finite-dimensional space V,
then F'o F~ is k-linear on V and there is a positive integer n such that F™ = F'".

Proof. Since V = VF ®QF, k = VvE ®r, k and V is finite dimensional, there is a
positive integer n such that

V(Fgn) = vE Qr, Fgn = vF ®F, Fgn.

Choose bases {v;} and {w;} for VI and V', respectively, and write w; = 3, z;v;
with z;; € Fyn. Now, one easily checks that F” = F'" on V(F,»), and hence, on
V. O

Let Vi r, be the category whose objects are vector spaces over k with fived
F -structures and whose morphisms are linear maps f : V — W defined over
F,, namely, f(Vo) C Wy. Clearly, if Fy and Fy are the Frobenius maps on V
and W defining V;, and Wy, respectively, then f is defined over I, if and only if
Fyof = foFy. In particular, if F and F’ are two Frobenius maps on V, then any
F,-linear isomorphism from V¥ to V¥ " induces a k-linear isomorphism 6 on V such
that § o F' = F’ o §. In other words, up to isomorphism in Vi, , the Fy-structure
on V is unique. Note that Vi r, is an abelian category.

We shall represent the fixed Fg-structure on a k-space V' by a Frobenius map
Fy. Thus, the objects V in Vy r, are sometimes written as (V, Fy), and

Homy, . (V,W) = {f € Homy(V,W) | Fw o f = fo Fv}.
For (V, Fy), (W, Fw) € Ob(VyF, ), there is an induced F,-linear map
Fv.wy : Homy (V,W) — Homy (V, W); f = Flyw (f) = Fw o fo Fy, '

Note that, when V' is infinite dimensional, F(y,w is not necessarily a Frobenius
map on Homy (V, W) in the sense of Lemma 21l However, we have the following.

Lemma 2.3. For (Vi,F1),(V2,F2) € Ob(Vyr,), let F' = Fy, v, be defined as
above. Then we have an I -space isomorphism

Homg, (Vi™, V5) = Homy, , (Vi, Vo) = Homy (V4, Va)"
In particular, if V1 is finite dimensional, then F is a Frobenius map on Homy (Vy, Va).

Proof. The isomorphism is defined by sending f to f ® 1 with inverse defined by
restriction. It is clear that F' is an F,-linear map satisfying 2.1l(a). If Vi is finite
dimensional, F also satisfies 2I(b). Hence, F' is a Frobenius map. (]

Remarks 2.4. (1) Every Frobenius map on a finite-dimensional k-space V' induces
the Frobenius map F' = F(y,y) on the algebra Endy (V) of all linear transforma-
tions on V. Clearly, F' is an [F -algebra automorphism and induces an F,-algebra
isomorphism Endy(V)* = Endg, (VF).

(2) The restriction of F on Endy (V') to the general linear group GL(V') induces a
Frobenius morphism on the connected algebraic group GL(V) to which the following
Lang-Steinberg theorem applies.
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Theorem 2.5 (Lang-Steinberg). Let G be a connected affine algebraic group and
let F' be a surjective endomorphism of G with a finite number of fixed points. Then
the map L : g +— g~ F(g) from G to itself is surjective.

3. ALGEBRAS WITH FROBENIUS MORPHISMS

Let A be a k-algebra with identity 1. We do not assume generally that A is
finite dimensional. A map F4 : A — A is called a Frobenius morphism on A if
it is a Frobenius map on the k-space A, and it is also an Fy-algebra isomorphism
sending 1 to 1. For example, for a finite-dimensional k-space V, A = Endg(V)
admits a Frobenius morphism F(y,y) induced from a Frobenius map Fy on V' (see
Remarks 2.4)).

Given a Frobenius morphism F4 on A, let
AP = AF2 ={a€ A| Fa(a) = a}

be the set of Fs-fixed points. Then A% is an F,-subalgebra of 4, and A = A" @ k.
The Frobenius morphism F4 on A is given by Fa(a®\) = a®\ foralla € A" )\ €
k.

Let M be a finite-dimensional A-module and let # = 7y : A — Endg(M)
be the corresponding representation. We say that M is Fa-stable (or simply F-
stable) if there is an F,-structure My of M such that 7 induces a representation
mo : A¥ — Endg, (M) of AF. Clearly, by Lemma 2.1} M is F-stable if and only if
there is a Frobenius map Fj; : M — M such that

(3.0.1) Fy(am) = Fa(a)Fa(m), forallae A,m e M.

In terms of the corresponding representation 7, the F-stability of M simply means
that there is a Frobenius map Fj; on M such that moF4 = Fiypnom. Thus, if M is
an F-stable A-module with respect to F;, then M = MF®Fqk, Frr(m®@X) = moA?
for all m € MY, X\ € k, and MF is an AF-module. Here, again for notational
simplicity, we write M¥ for MM [J We shall also use, sometimes, the notation
(M, Fyr) for an F-stable module M.

[

Lemma 3.1. Let (My, Fy) and (My, F») be two F-stable A-modules. Then M =
Mze as A¥ -modules if and only if My = My as A-modules. In particular, if M,
My = M, then M1 = M2 g5 AF -modules.

Proof. Since M; = MZF ' ®p, k and A = AF ®p, k, the lemma follows directly from
the Noether-Deuring Theorem (see for example [B], p. 139]). O

This result shows that, up to isomorphism, it does not matter which Frobe-
nius maps (or Fy-structures) on M we shall work with when considering F-stable
modules.

Let modf-A denote the category whose objects are F-stable modules M =
(M, Fyr). The morphisms from (M, Fys) to (N, Fi) are given by homomorphisms
6 € Hom (M, N) such that 6 o Fjy = Fi o 6, that is, A-module homomorphisms
compatible with their Fg-structures. It is easy to see that mod?-4 is an abelian
F,-category.

The next result allows us to embed a module category defined over a finite field
into a category defined over the algebraic closure of the finite field.

11t should be understood that the F’s in A and M¥ are not the same.
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Theorem 3.2. The abelian category mod” -A is equivalent to the category mod-AF
of finite-dimensional AF -modules.

Proof. Let M = (M, Fir) be an object in mod”-A. We define ®(M) := M* which
is an AF-module. Now let 6 : (M, Fy) — (M, F3) be a morphism in mod”-A.
Since 6 o Fy = F5 06, # induces a map ®(#) : M{* — M," which is obviously an
AF_-module homomorphism. This gives a functor ® : mod’-A — mod-AF.
Conversely, for each A¥-module X, we set ¥(X) = X ®p, k and define a Frobe-
nius map
By defining (a @ A\)(z @ p) =ar @ M foraw A€ AF @k =Aand 2@ p € ¥(X)
and noting Fs(a ® \) = a ® A%, we obtain an A-module structure on ¥(X), which
is clearly F-stable. Further, for any morphism f : X; — X5 in mod-A¥, the map

U(f)=fel:¥(X)) — ¥U(Xp)

is obviously an A-module homomorphism satisfying ¥(f) o Fy = Fy o U(f), where
F; = Fy(x,)- Hence, we obtain a functor ¥ : mod-A¥ — mod”-A.
From the construction, we easily see that

U = 1modF—A and o2\ 1m0d_AF,

where 1,,0q7.4 and 1,,0q.47 denote the identity functors of mod’-4 and mod-AF,
respectively. O

Corollary 3.3. There is a one-to-one correspondence between isoclasses of inde-
composable AF -modules and isoclasses of indecomposable F-stable A-modules.

Let (M, Fir) be an F-stable A-module. For each submodule N of M (not nec-
essarily an F)/-stable subspace), the image F; N is an A-submodule of M.

Proposition 3.4. Let (M, Fy) and (N, Fy) be two F-stable modules.

(a) Every submodule M’ of M which is also an Fyr-stable subspace is an F-
stable A-module. In particular, both the radical Rad M and socle Soc M of
M are F-stable modules.

(b) As F,-spaces, we have Homa (M, N)¥ = Hom4r (MF, N¥').

(c) We have F,-algebra isomorphisms End 4 (M)F = End 4r (MF) and

(End4(M)/RadEnda(M))" = Endgr (MF)/Rad End sr (MF).

Proof. (a) Since FjyyM' = M’, the restriction of Fy; to M’ defines a Frobenius
map on M'. So M’ is an F-stable module, as the condition ([B.0.]) is automatically
satisfied. If S is a maximal (resp. simple) submodule of M, so is FjsS. Thus, both
Rad M and Soc M are submodules which are F-stable (subspaces) and hence are
F-stable modules.

(b) This is a consequence of the category equivalence given in Theorem

(c) The first statement follows from (b) and Lemma[Z3] We now prove the last
isomorphism. We first observe that if B is a semisimple algebra with Frobenius
morphism Fp, then the fixed point algebra B is also semisimple. Since

(EndA(M)/RadEndA(M))F >~ (Enda(M))¥/(Rad Enda(M))F,
it remains to prove that
(Rad End 4 (M))" = Rad(End(M))*.
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The inclusion “D” follows from the semisimplicity of the right-hand side of the
above isomorphism, while the inverse inclusion “C” follows from the fact that

(Rad End(M))" is nilpotent. 0

An A-module M is called F-periodic if there exists an F-stable A-module N such
that M is isomorphic to a direct summand of N (denoted by M | N). We shall see
in the next section that for a finite-dimensional algebra A with Frobenius morphism
Fy, every A-module is F-periodic. However, in Example .7, we shall see that, for
an infinite-dimensional algebra, there are modules which are not F-periodic.

We end this section with the following example which is important in §§6-10.

Example 3.5. Let Q = (Qo, @1) be a finite quiver without loops, where Qg resp.
(@1 denotes the set of vertices resp. arrows of Q. For each arrow p in @1, we denote
by hp and tp the head and the tail of p, respectively. Let o be an automorphism of
Q, that is, o is a permutation on the vertices of () and on the arrows of ) such that
o(hp) = ho(p) and o(tp) = to(p) for any p € Q1. We further assume, following
[29, 12.1.1], that o is admissible, that is, there are no arrows connecting vertices
in the same orbit of o in Qy. We shall call the pair (Q, o) an admissible quiver, or
simply an ad-quiver.

Let A := kQ be the path algebra of Q over k = Fq which has identity 1 =
Zier e;, where e; is the idempotent (or the length 0 path) corresponding to the
vertex . Then o induces a Frobenius morphism (cf. Lemma 2.T])

(3.5.1) Foo=Fqoiq: A— A Zﬁsps — va(slo(pS)v

S S
where ) x,p is a k-linear combination of paths p,, and o(ps) = o(ps) ---o(p1) if
ps = p¢ -+ p1 for arrows py, ..., ps in Q. We shall investigate the structure of A
in §6.

4. TWISTING MODULES WITH FROBENIUS MAPS

Let M be an A-module and let F; : M — M be a Frobenius map on the space
M. Note that M is not necessarily F-stable. We define its (external) Frobenius
twist (with respect to the Frobenius map Fjs) to be the A-module M such that
MWFm] = M as vector spaces with F-twisted action

axm:= Fy(F; (a)Fy (m)) for all a € A,m € M.

If 7: A — Endg(M) and 7l : A — End;,(MFm) denote the corresponding
representations, then

rlFMl(q) = Fouany(m(Fy' (@) = Faom(Fy'(a) o Fy, for all a € A,
where F(p ) is the induced Frobenius map on Endg (M) (cf. Remarks 2.4).

Lemma 4.1. Up to isomorphism, the Frobenius twist M¥™! is independent of the
choice of the Frobenius map Fay on M.

Proof. If Fyy and Fj,; are two Frobenius maps on M, then the linear isomorphism
f = Fj o0 FA}I : M — M is clearly an A-module isomorphism from MM to
M[Fz/u] . O
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By the lemma, we shall denote MU and 7lFm] by M1 and 7l respectively.
Similarly, we define M= to be the A-module given by nl=1 : A — End,(M),
where

(4.1.1) 717(a) = Fi;' o m(Fa(a)) o Fyy for all a € A.

Inductively, for each integer s > 1, we define Ml = (M=) and M=l =
(M =5+t =1 with respect to the same given Fy;.

Proposition 4.2. The Frobenius twist ( )[1] defines a category equivalence from
mod-A onto itself. In particular, if M and N are two A-modules, then for any
given integer s, M = N if and only if M5! = Nls],

Proof. Given two A-modules M and N with Frobenius maps F)j; and Fly, respec-
tively, and an A-module homomorphism f : M — N, it can be checked by using
the corresponding representations that the linear map F(ys ny(f) defined before
Lemma 23 is in fact an A-module homomorphism from MM to NI, We denote
this morphism by fI!. Thus, we obtain a functor ( )[1] : mod-A — mod-A. This
functor is clearly invertible with inverse ()=, O

If (M, Fyr) is an F-stable A-module and N is a submodule of M (not necessarily
an F)s-stable space), then the A-submodule Fp;N of M is called the “internal”
Frobenius twist of N. Note that Fj;N is isomorphic to the (external) Frobenius
twist N of N with respect to any given Frobenius map Fyy on N. This is deduced
from the fact that the k-linear map ¢ = Fi|n ong1 : N — Fy/N is an A-module
isomorphism.

Proposition 4.3. Let M be an A-module with a Frobenius map Fys and let M
denote the Frobenius twist of M with respect to Fy;.
(a) (M, Fyp) is F-stable if and only if, as A-modules, M = M.
(b) MU 22 M if and only if there exists a Frobenius map Fh; on M such that
M is F-stable with respect to F,, that is, MFul = M as A-modules.

Proof. The statement (a) follows directly from the definition, since (M, Fys) is F-
stable if and only if m o Fia = Far ar) © 7, which is equivalent to 7 = mlFuml

We now prove (b). Since MU = M, there exists an f € GL(M) such that
forlfMl(a) = 7(a) o f for all @ € A. By Lang-Steinberg’s theorem, there exists
g € GL(M) such that f = g~ o F(g), where

F:GL(M) — GL(M), h+— FpohoFy,!

is induced from Fys. Let Fj, = g 'o Fyyog: M — M. Then F}, is a Frobenius
map on M and, for all a € A, we have

7lFul(a) = Fyon(Fi'(a) o (Fy) ' =g o Fyrogom(Fil(a)og toFytog
=foFyon(Fi'(a)oFylof ' = forl™l(a)o f~! = r(a),
that is, MFu] = M as A-modules. O

We now characterize F-periodic modules defined at the end of last section by
Frobenius twisting.

Corollary 4.4. An A-module M is F-periodic if and only if MUV = M for some
integer 1.
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Proof. Suppose M is F-periodic. Then so is every direct summand of M. Since
MUl 2 M implies M) 2 M for all s > 1, it suffices to prove the case when M is
indecomposable.

If M is F-periodic and indecomposable, then there is an F-stable A-module
(N, Fn) such that M | N. Thus, FRxM | N for all n > 1. By the Krull-Remak-
Schmidt theorem, there must be an integer » > 1 such that FyM = M, i.e.,
Ml =,

Conversely, suppose M ("l >~ M. Then

N=MeMUg...qoMmr-1U

satisfies that NI = N. By Proposition E3(b), N is F-stable with respect to a
Frobenius map, thus M is F-periodic. O

Remarks 4.5. (1) For an F-periodic A-module M, let r be the minimal integer such
that MUl = M. We shall call  the F-period of M, denoted by p(M) = pp(M).
Clearly, if M| = M, then p(M) | s and, by Lemma BTl p(M) is independent of
the choice of the Frobenius map on M.

(2) Using a similar argument as in the proof of Proposition [£3|(b), for an F-
periodic A-module M with F-period r, there is a Frobenius map Fj; on M such
that MU = M as A-modules, where M is defined with respect to Fy.

Proposition 4.6. Let A be finite dimensional. Then every A-module is F-periodic.

Proof. Let M be an A-module with a Frobenius map F = F);. By Lemma 2]
there are k-basis {a1, as, ... ,as} of A and k-basis {m1, ma, ... ,m;} of M such that

s S t ¢
FA(Z Tia;) = Zazgai and F(Z y;m;) = Zyjmj
i=1 i=1 Jj=1 j=1

foralla=3"7_, za; € éand allm = Z;Zl y;m; in M. Write a;m; = Zle Zij1my
with z;5; € k. Since k = I, there is an integer n such that all z;;;’s lie in Fg». Thus,
F™(a;m;j) = a;m; for all 4 and j. Consequently, we have

F™(am) ZF” Tiyjam;) Zaj yq F"(a;m;)

0,J

Zx a;)( Zy] mj) = Fji(a)F"(m).

This implies that M = M as A-modules. Hence M is F-periodic. O

Recall that, for a path algebra A of a quiver @), an A-module can be identified
as a representation (V,¢) of @, where V = {V;};cq, is a set of finite-dimensional
vector spaces V; and ¢ = {¢,},c0, is a set of linear transformations ¢, : Vi, — Vi)

Example 4.7. Let @ be the quiver with two vertices 1 and 2 and with infinitely
many arrows from 1 to 2 indexed by p;; for all 7 > 1 and 1 < j < 4. That is, they
are

P11, P21, P22, P315 P32 P33y - - - -
Then the path algebra A = kQ is infinite dimensional and has the identity 1 = e; +
es. Consider the automorphism o of @ fixing two vertices and cyclicly permuting
each subset {p;;|1 < j < i} of arrows for each fixed ¢ > 1. Then o induces a
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Frobenius morphism F' = Fg, on A (see Example B5]). Define a representation
V' such that Vi = Vo = k and that ¢,,, is the identity on k, but ¢, = 0 for all
j # 1. Then V is two dimensional and V"l 2 V for all » > 0. Therefore, V is not
F-periodic.

5. INDECOMPOSABLE F-STABLE MODULES

Let A be a k-algebra with a fixed Frobenius morphism F4. The proof of Corollary
A4l actually suggests a construction of indecomposable F-stable modules from F-
periodic indecomposable ones.

Let M be F-periodic with F-period r = p(M). In view of Remarks [5(2),
there is a Frobenius map Fy; on M such that M["l = M as A-modules. Thus, by
Proposition B2, M, MM, ... MU= are pairwise non-isomorphic. Let

(5.0.1) M=MaoeMUg...q pml—1
and define a Frobenius map Fy; : M — M by
(502) FNI(x(val, s 71'7“—1) = (FM(xr—l)aFM(xO)a cee 7FM('TT‘—2))'

Then (M, Fy;) is F-stable. Thus, MF := M is an AF-module. By Lemma 1]
we infer that, up to isomorphism, M¥ is independent of the choice of Fy;.

The following result generalizes Kac’s result [24, Lemma 3.4] for the path algebras
of quivers.

Theorem 5.1. Maintain the notation above. Let M be an F'-periodic indecom-
posable A-module with F-period r. Then (M, Fy;) is indecomposable in mod’ -4
and

Endr (M) /Rad(End 4r (MT)) = Fr.

Moreover, every indecomposable AF -module is isomorphic to a module of the form
MF for some F-periodic indecomposable module M .

Proof. The Frobenius map F; : M — M induces a Frobenius map F = F (1,87

on End 4 (M). By Proposition B4l(c), we have an F-algebra isomorphism
End - (M7)/Rad(End 4+ (MF)) = (End 4 (M)/ Rad(End 4 (1))

For each f € EndA(M), we write f in matrix form as

r—1 r—1
f=i)rxr : M =@M — @M = 1,
1=0 i=0

where fj; : Ml — MUl Then F(f) = (g;:) with gj; = fj[ljl’ifl, where the indices

are integers modulo r. In particular, if F(f) = f, ie, f € EndA(J\Z/)F, then
1

f]z = ][_]171'_1 for all 0 < Z,] < r—1. Since M’ ]\4[1]7 7]\4’[7‘—1] are pairWiSQ
non-isomorphic indecomposable A-modules, we have an algebra isomorphism
r—1
End 4 (M)/ Rad(EndA(M)) — H End4 (M[i])/ Rad(EndA(Mm))
i=0

f: (fgz) L (fomflh e 7fr7177‘71)~
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Since End 4 (M) /Rad(End 4 (M) 2 k for each 0 < i < r — 1, we obtain
Enda(M)/Rad(Enda(M)) =k x --- x k =: U.
———

T

The Frobenius map F on the left-hand side induces a Frobenius map F on U given
by .
F(xo,x1,... yap—1) = (xl_j,2d, ... ,2l_,).
Hence,
End 4r (MF)/ Rad(End or (MF)) 2 UF 2 F,..
Conversely, let X be an indecomposable A”-module such that
Endsr(X)/Rad(Endsr (X)) = Fyr.

Then Xy := X ®p, k is an F-stable A-module with the Frobenius map F' := Fx,
defined by
FlzoX) =20\ for r®@ e X ®F, k.
Moreover, we have a decomposition
Xp=M @& M,

where My, ..., M, are pairwise non-isomorphic indecomposable A-modules. The
F4-stability of X implies that

FMl@@FMT:FXk:Xk:Ml@@MT
Thus, the set Q := {My,... , M,} is F-stable (up to isomorphism). We claim that Q

contains only one F-orbit. Let Qq,...,€,, be the orbits of 2. For each 1 < j < m,
let
Li= & N
NeQ,
Then

Li2N;®FN;®---® F7 !Ny,
where N; € Q; and r; = [Q;]. Note that F"N; = N;. Let F; be a Frobenius map
on N;. Then F'Nj; is isomorphic to the Frobenius twist N]m of N; with respect to
F;. Hence, we have N][-Tj] &~ N, and
~ (1] [ri—1] ~ 7[1]
Li~N;@N; " &---@N 77 =L

Then, by Proposition [£3{(b), there is a Frobenius map F} on L; such that L; is
F-stable with respect to Fj. These Frobenius maps F] induce a Frobenius map F’
on @), L; defined by

F'(vi,...yom) = (F{(v1),... , Fl (vm)).
By Lemma [B.1] the isomorphism Xj = @;nzl L; implies that

m m
F o F j
x=x = @ - Bl
j=1 j=1
Since X is indecomposable, we must have m = 1 and the required isomorphism

Xp2L2NeNTe. ..enN
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From the proof, we obtain the following correspondence.

Corollary 5.2. If A is finite dimensional, then there is a one-to-one correspon-
dence between the isoclasses of indecomposable A -modules and the F-orbits of the
isoclasses of indecomposable A-modules.

A finite-dimensional algebra B over a field is called representation-finite if there
are only finitely many isoclasses of (finite-dimensional) indecomposable B-modules.
Theorem[5.Jland Proposition .0limply immediately the following (cf. [15] and [23]).

Corollary 5.3. Let A be finite dimensional and let Fa be a Frobenius morphism
on A. Then, A is representation-finite if and only if AY is also.

An AF-module X is called absolutely indecomposable if X ®r, k is an indecom-
posable A-module.

Corollary 5.4. An AF-module X is absolutely indecomposable if and only if there
is an F-stable indecomposable A-module M = (M, F) such that X = M¥.

6. FINITE-DIMENSIONAL HEREDITARY ALGEBRAS

The first application of our theory is to show that every finite-dimensional hered-
itary (basic) algebra over a finite field is isomorphic to the F' fixed point algebra of
the path algebra of a finite ad-quiver (see Example B5). Thus, the representation
theory of a finite dimensional hereditary algebra is completely determined by the
counterpart of the corresponding ad-quivers.

We first recall the notion of modulated quivers (cf. [I0] and [2] 4.1.9]).

Definition 6.1. A valued graph is a graph without loops together with a positive

integer d, for each vertex x and a pair of positive integers (ICZ, yc7) for each edge

xly satisfying ,cjd, = ycld,. A valued graph together with an orientation is
called a walued quiver, and a valued quiver is called simple if it has no parallel
arrows. (Thus, opposite arrows between two vertices are allowed in a simple-valued
quiver.) A modulationd M of a valued quiver consists of an assignment of a division
ring D, to each vertex x, and a D,-D,-bimodule M, to each arrow p : v — ¥y
with the underlying edge xly satisfying
(1) Homp, (M,, D,) = Homp, (M,, D),
(2) dimp, (M,) = ¢}, dimp, (M,) = ,c].
Finally, a modulated quiver Q = (I', M) consists of a valued quiver I' and a modu-
lation M (of T'). In case all the division rings D, contain a common central field K
such that the dimensions of all D, over K are finite and that K operates centrally
on each bimodule M, we call Q@ a K-modulated quiver or a K-species (cf. [15] and
[10]).
A modulated quiver is simple if its underlying quiver is simple.
Let Q@ = (I',M) be a modulated quiver with I'y (resp. I'1) the set of vertices
(resp. arrows) of I' and M = ({Dy}aer,, {Mp}per,). Let R = P D, and
M =@ cr, Mp. Then M is a natural R-R-bimodule. The R-algebra

zely

7(Q) :== @ M®", where M®® =R, M®" = M @5 --- @5 M,

n=0 n

My, ifp=y—1
21f we follow the definition given in [2 4.1.9], then M, = { * 1:;’ 1 =y - “
yMz, ifp=z—y.
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is called the path (or tensor) algebra of Q. Thus, a non-zero tensor z, ® - -+ ® o1
with z; € M,, implies that p, ---p; is a path in T'.

For a modulated quiver Q@ = (I',M), let @ = (I, M) be the associated simple
modulated quiver obtained by summing up the valuations and bimodules over par-
allel arrows. More precisely, T' is a simple-valued quiver defined by setting I'y = T,
Iy ={p:z— y}, where p:= {p € [|tp = x,hp = y}, and setting the valuation for
the arrow p: 2 — y to be (¢z,¢j), where ¢; = 37 wch and ¢; =3 o ych. The

modulation M = ({Da}rer,» {Mp} e, ) is defined by setting M =®,; M,

Definition 6.2. Let Q = (I',M) and Q' = (I", M) be two modulated quivers. We
say that Q = Q' if there exists a quiver isomorphism 7 : I' — T such that (1)
D, = D], as division rings, and (2) Mz = M ) as bimodules via (1).

Clearly, if @ 2 Q’, then we have algebra isomorphism T'(Q) = T'(Q').

We now construct a modulated quiver from an ad-quiver. Given a finite ad-quiver
(Q,0), let I =T and T'; denote the set of og-orbits in Qo and @1, respectively.
Thus, we obtain a new quiver I' = (I'g,T';). For each arrow p :i — j in ', define

(6.2.1) £p = #{arrows in p}, d, = €, /¢;5, and d, = ¢, /e,

where gy, = #{vertices in the o-orbit k} for k € I. The quiver I" together with the
valuation {ea}der,, {(dp,d},)}per, defines a valued quiver I' = I'(Q, o). Clearly,
each valued quiver can be obtained in this way from an ad-quiver.

Using the Frobenius morphism F' = Fg , on A defined in (8.5.1]), we can attach
naturally to I' an F,-modulation to obtain an F,-modulated quiver (or an F,-
species) as follows: for each vertex i € I and each arrow p in I, we fix iy € i,
po € p, and consider the F4-stable subspaces of A

i—1 ep—1
A; = @ ke; = 669 kegs i,y and A, @ kp = éa ko (po),
1€ s=0 pEP

where e; denotes the idempotent corresponding to the vertex ¢. Then

(6.2.2)

gi—1 ep—1
AP =Y 7 ey | € ot =) and AF =Y a0 (po) | & € b2 = 2},
=0 t=0

Further, the algebra structure of A induces an Af -Af-bimodule structure on Af
for each arrow p : i — j in I'. Thus, we obtain an F,-modulation M = M(Q, o) :=
({Af'}i,{AL},) over the valued quiver I'. We shall denote the Fy-modulated quiver
defined above by

(6.2.3) Mo.oc = MQ,0:q = (I, M).

Let T(Mg,») be the tensor algebra of the modulated quiver My,o. Thus, by
definition, T(Mg ) = @n>0 M®", where M = @, A, is viewed as an R-R-
bimodule with R = @;c; A" and Q = Qp. If, for each o-orbit p of a path
Pn - p2p1 in @, we set Ap = @pep kp. Then

AFNAF ®F AF ®F1 Agl’

n—1 "

where p, is the o-orbit of p; and F; = AF p,- Since AF = D, AL it follows that

the fixed point algebra A is isomorphic to the tensor algebra T(Mg,s). Thus,
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AF-modules can be identified with representations of the modulated quiver Mg ,
(see [10]). The above observation together with Theorem [B.2] implies the following.

Proposition 6.3. Let (Q,0) be an ad-quiver with path algebra A = kQ and induced
Frobenius morphism F = Fg .. Let Mg, be the associated Fy-modulated quiver
defined as above.

~

(a) We have an algebra isomorphism A¥ = T(Mq ). Hence the categories
mod”-A and mod-T(Mg ,) are equivalent.

(b) If Q has no oriented cycles, then the fized point algebra A¥ is a finite-
dimensional hereditary basic algebra.

Corollary 6.4. Maintain the notation above and let v > 1 be an integer. Then, the
ad-quiver (Q,o") defines an F,r-modulated quiver Mg or.qr, whose tensor algebra
is isomorphic to the Fyr-algebra AY ®r, Fgr.

Proof. Clearly, Fg or,qr = F} ., = F". By Lemma 2.1} we have A = AF ®F, F,
and F(a® \) = a® A?. Then A" = AF @, F,r. Now, the isomorphism follows
from Proposition [6.3)(a). O

Note that for r > 1, the modulated quiver Mg 5.4~ is different from the mod-
ulated quivers Mg ;. and Mg 4.q-. The former has the same underlying valued
quiver as Mg .-, but different base field, while the latter has the same base field
but different underlying valued quiver (if o # 1).

Our next result shows that the converse of Proposition [63(b) is also true.

Theorem 6.5. Let B be a finite-dimensional hereditary basic algebra over Fy. Then
there is an ad-quiver (Q, o) such that B is isomorphic to (kQ)¥@.v.

Proof. Let A = B®k and define FF : A — A by F(b® \) = b® A% Clearly, F
is a Frobenius morphism on the k-algebra A and AF = B. Since B is a finite-
dimensional hereditary basic algebra, it follows that so is A, and B is isomorphic to
the tensor (or path) algebra of the associated modulated Ext-quiver Qp (see [13]
Theorem 8.5.2] or [2] p. 104]). In particular, we have an algebra isomorphism

¢:B "5 grB, where grB= @Radi B/Rad"™' B.
>0
Since Rad A = Rad(B ® k) = (Rad B) ® k (see, e.g., [5, p. 146]), we have by
induction Rad® A = (Rad" B) ® k for all ¢ > 1. Thus, the isomorphism ¢ induces a
k-algebra isomorphism

p:A=BRk - grA=grB®k.

Let F denote the Frobenius morphism on gr A induced from F. Clearly, F stabilizes
each direct summand Rad’ A/Rad"™ A of gr 4 and B = AF = (gr A)F.
We now prove that (gr A, F) defines an ad-quiver (Q, o) such that (gr A)F =
(kQ)¥2:=. Suppose
A/Rad A =ke, @ D ke,,

where e; are primitive orthogonal idempotents of A with 1 = e +---+e,. Since the

F(e;)’s form a complete set of primitive orthogonal idempotents of A, it follows that

there is a permutation o and an invertible element u € A such that F(e;) = uequ~>.

Thus, F(e;) = é,; for all i.
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Let Qo = {1,2,... ,n} and I the set of o-orbits. Putting f; = >, ; e; for each
ie I, we have
Rad A/ Rad® A = P fi(Rad A/ Rad® A) f;,
i,jerl
where
fi(Rad A/Rad® A) f; = fi(Rad A/Rad® A)f; = €P e(Rad A/Rad® A)e;.

i€1,j€j
Clearly, F' stabilizes each summand f;(Rad A/ Rad® A)f; and F(Vi;) = Viioj,
where
Vi; = &(Rad A/ Rad® A)g;.
Fix 4,5 and let s be the smallest integer such that 0®i = i and ¢°j = j. Since F*
stabilizes Vi;, we can choose a k-basis v1, ... , v, of Vj; such that F3(vy) = vg for
all 1 < a < t;;. Thus, we obtain a k-basis

{v1,... ,vt,ij,F(vl),... ,F(Ut”),... S vy, ,stl(vt”)}

for the F-stable space @Z;(l) Vgaieaj. Clearly, such a basis can be constructed for
every o-orbit of the set {(i,7) | i € i,j € j}. Thus, we obtain a basis {v¥}; ;.
for fi(Rad A/Rad® A)f;, and hence for Rad A/ Rad® A, which is F-stable, i.e.,
{Fi}ija = {09} a0 If Q1 is the set of arrows p¥ : i — j indexed by the
basis elements v%, then F induces a permutation o on Q;.

So we have obtained an ad-quiver (@, o). The standard k-algebra isomorphism
Y kQ — gr A sending i to & and p% to v is compatible with the Frobenius
morphisms F and Fy ,, that is, 1) o Fg , = F o 1. Consequently, we obtain

B = (gr A)F = (kQ)Fe-.
O

Corollary 6.6. Fvery finite-dimensional hereditary algebra over a finite field is
Morita equivalent to the F-fized point algebra of the path algebra of an ad-quiver.

Remarks 6.7. (1) If we identify A" and A} defined in 6.22) with Fye; and Fyep
via
inei — x;, and Zypp > Ypo s
i€i pPEP
respectively, where ig € i and jy € j are fixed, then, for an arrow p : i — j, the
induced FF<;-F e -bimodule structure on A, = Fge» is not necessarily the natural
bimodule ., (]Fqsp)Fqu induced by the subfield structure. This is because, for
q
r,5 2> 1, the [F -algebra isomorphism
qu ®]Fq Fqs = qu X X qu
—_——
d
means that there are exactly d non-isomorphic simple Fg--Fgs-bimodules. Here
d and m denote the greatest common divisor and the least common multiple of
r, s, respectively. More precisely, for 0 < r < g —1and 0 < s < g5 — 1 with
po : 0" (ig) — 0°(jo), the induced F;-Fge;-bimodule structure on A, = Fyep is
given by
y-z-x=y? 22?9 for T €Fyei,y €Fpey, 2 € Fep,
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while the natural bimodule structure corresponds to the case when r = s = 0.
These two bimodule structures on Fqe» are not necessarily isomorphic.

(2) The Fy-modulated quivers studied in [I9] and [2I] involve only the natural
bimodules g, (Fgn )r,., where r,s,n > 1,7 [ n and s | n. These will be called natural
modulated quivers below. Note that the natural Fy--F,s-bimodule g, (Fgn )p,. is iso-
morphic to the direct sum of - copies of the natural simple bimodule ¢, (Fgm )r, .,
where m is the least common multiple of r and s. Though non-isomorphic bimodules
involved in two modulated quivers could result in isomorphic tensor algebras, the
following example shows that not every finite dimensional hereditary basic algebra
over [F, arises from a natural modulated quiver.

Example 6.8. Let I' denote the valued quiver
p T

® >0 > @

a b c

with (e4,ep,6c) = (1,2,2), (d,, d},) = (1,2), and (d,,d;) = (2,2). Then the pair of
natural bimodules g , (Fg2)r, and 5 , (Fga)r ,, together with the valued quiver T,
defines the natural F,-modulated quiver 9. Let M denote the natural bimodule
r2(Fg2)r . and let M’ = Fgp (as Fg-vector spaces) denote the Fg2-Fg2-bimodule
given by z -y -z = x%yz. It is easy to see that M and M’ are not isomorphic as
Fg2-Fg2-bimodules. The pair of bimodules g , (Fg2)r, and M @ M' also defines a
new F,-modulated quiver 9’ whose tensor algebra T'(91') is not isomorphic to the
tensor algebra T'(9) of 9, since T'(M) ®rq k and T'(M') ®rq k are respectively
isomorphic to the path algebras of the following quivers:

S

7. ALMOST SPLIT SEQUENCES

The Auslander-Reiten theory is one of the fundamental tools in the study of
representations of algebras (see, e.g., [1]). This and the next sections are devoted
to establishing a relation between the Auslander-Reiten theories of A and its fixed
point algebra A,

We briefly review the general theory. Let A be a finite-dimensional algebra over
an arbitrary field k. A morphism ¢ : L — M in mod-A is called minimal right
almost split if

(a) ¢ is not a split epimorphism,
(b) any morphism X — M which is not a split epimorphism factors through
®,
(¢) any morphism f : L — L satisfying ¢ = ¢f is an isomorphism.
It is easy to see that, if ¢ : L — M is a minimal right almost split morphism, then
M is indecomposable.
A minimal left almost split morphism is defined dually.

A short exact sequence 0 — N LA M- 0 is called an almost split sequence
if  is minimal right almost split, or equivalently, if ¢ is minimal left almost split.
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Theorem 7.1 (Auslander-Reiten). Let M be an indecomposable A-module.
(a) There exists a unique, up to isomorphism, minimal right almost split mor-
phism ¢ : L — M. If, moreover, M is not projective, then the sequence

0—>Ker<p—>Li>M—>0

s an almost split sequence.
(b) There exists a unique, up to isomorphism, minimal left almost split mor-
phism ¥ : M — L. If, moreover, M is not injective, then the sequence

0— M -2 L — Cokeryp — 0

18 an almost split sequence.

Given an almost split sequence 0 — N LLE M- 0, the module N (resp. M)
is uniquely (up to isomorphism) determined by M (resp. N). We write T4M = N
or N = TXIM. The 74 =: 7 is called the Auslander-Reiten translation of A, which
indeed admits the following description using the transpose and the dual (see [I1
Chap. IV, V]. Let P and Z be the ideals of mod-A (in the sense of [I7, p. 16])
defined respectively by

P(X,Y)={f:X — Y]|f factors through a projective A-module}
and
I(X,Y)={f: X — Y|f factors through an injective A-module},

where X,Y € mod-A. The factor categories of mod-A by P and Z are denoted by
mod-A and mod-A, respectively. Let M € mod-A and let

PP —M—0

be a minimal projective presentation of M. Applying Hom(—, A), we get a mor-
phism
f*:=Homa(f,A): Homy(Py, A) — Homy (P, A)

in mod-A°P. Thus, we obtain an A°P-module Coker f* which is called the transpose
of M and denoted by Tr M. In general, Tr does not give rise to a functor from
mod-A to mod-A°P. However, Tr induces a functor Tr : mod-A — mod-A°P such
that the compositions mod-A 2 mod-4°° & mod-A and mod-A°» 5 mod-A I
mod-A°P are isomorphic to the identity on mod-A and mod-A°P, respectively.
On the other hand, the duality D = Homg(—, k) : mod-A — mod-A°P induces
a duality D : mod-A — mod-A°? such that the composition D Tr : mod-A —
mod-A is an equivalence with inverse equivalence Tr D : mod-A — mod-A. Then,
for each indecomposable non-projective A-module M, we have TM = D Tr M, and
for each indecomposable non-injective A-module N, we have 77!N = Tr DN.

For any two A-modules M = P, M; and N = @, N;, where M; and N; are
indecomposable, we define the radical of Hom 4 (M, N) by

Rada(M,N)={(fj:) : M — N | fj; : M;— N; is not an isomorphism for all 7, j}.

In fact, Rada(—, —) is an ideal of mod-A. Inductively, for each n > 1, the n-th
power of the radical is defined to be

Rads (M, N) =) " Rad} (X, N) o Rad (M, X).
X
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From the functorial point of view (see, e.g., [16] and [2, 4.8]), we may study
almost split sequences in the category Fun(A) (resp. Fun®’(A4)) whose objects
are the covariant (resp. contravariant) additive functors from mod-A to the cat-
egory mod-k of finite-dimensional k-vector spaces, and whose morphisms are the
natural transformations of functors. Thus, each A-module M defines a functor
Homy(—, M) in Fun®®(A) by Homa(—, M)(N) = Hom4 (N, M) and a subfunctor
Rada(—, M) by Rada(—, M)(N) = Rada(N, M). We denote the induced quotient
functor by

Har := Homa(—, M)/ Rada(—, M).
In particular, if M is indecomposable, Hjs is a simple functor—a functor that
has no non-zero proper subfunctor. Dually, each A-module M defines a functor
Homu(M,—) in Fun(A) and the quotient functor /Cp; by its subfunctor
Rada (M, —). We have the following functorial characterization of minimal right
or left almost split morphisms; see [16] 1.4] or [2, 4.12.6].

Proposition 7.2. (a) A morphism ¢ : L — M of A-modules is minimal right
almost split if and only if the induced sequence

0 — Hom 4 (—, ker ) =5 Homa(—, L) 2% Homa(—, M) Lu, Hy — 0

is a minimal projective resolution of Hps in Fun®®(A), where k : Kerp — L
1s the canonical inclusion and &y; denotes the canonical projection.

(b) A morphism ¢ : N — L of A-modules is minimal left almost split if and
only if the induced sequence

0 — Hom 4 (Coker v, —) 2 Homy (L, —) e, Homy (N, —) LA Ky —0

is a minimal projective resolution of Ky in Fun(A), where 7 : L — Coker ¢
18 the canonical projection.

We now assume k = Fq and let F'4 be a fixed Frobenius morphism on A. We
also assume that each A-module M has an F,-structure given by a Frobenius map
Fyy.

Lemma 7.3. A morphism ¢ : L — M (resp. v : N — L) in mod-A is minimal
right (resp. left) almost split if and only if e : L — MU (resp. [ . NI —
Lm) is also. In particular, a sequence 0 — N K A Vg 0 is an almost

(] (]
split sequence if and only if so is 0 — NI VLo ey pl g, Moreover,

MW = ()0,

Proof. Since the Frobenius twisting functor ( )[! is invertible with the inverse ( )=

given in ([@IT]), everything is clear. O

Let ¢ : L — M be a minimal right almost split morphism in mod-A. Then, by
the lemma above, for each integer s > 1, sl : Ll — M5! is minimal right almost
split. Let 7 = p(M) be the F-period of M, i.e.,  is minimal with M) 2 M. Then
Theorem [T implies LI = L. By Remarks E5(2), we may assume that M1 = M
and LI") = L as A-modules. Thus, both M = @::_01 M and L = @::_01 LI defined
in (L.0.I) are F-stable with respect to Frobenius maps Fy; and F; defined by Fi,
and Fr, respectively (see (50.2))). Since both ¢ : L — M and ¢l : L — M
are minimal right almost split, there is a ¢ € Auts(L) such that ¢ = ¢l o g.
Let F' = F(1,1) and F( ) be the induced Frobenius maps on Homy (L, L) and



FROBENIUS MORPHISMS AND REPRESENTATIONS OF ALGEBRAS 3609

Hom4 (L, M), respectively; see Lemma23l Then F(z any (o f) = Fipan () o F(f)
for allyy € Hom (L, M) and f € End4(L). Restricting F to the connected algebraic
group Aut (L) and applying Lang-Steinberg’s theorem, we may find an element
h € Aut4 (L) satisfying g = F"(h)h~!, that is, h = g"1F"(h). This implies that

poh=po(g ' F"(h) = ¢ o F"(h) = Flan(poh).

Note that, by Proposition 2] Fipoan () = "), Thus, g o h : L — M is minimal
right almost split satisfying (¢ o h)[T] = poh. Replacing ¢ by poh, we may assume
that ¢ is chosen to satisfy ¢l") = ¢. Now we define

r—1 r—1
¢ = diag(p, oM, ... olrU) L= @L[i] — @MM =M.
i=0 i=0

The equality ¢! = ¢ implies that ¢ is a morphism in mod®-A. Hence, $ induces
an Af-module morphism ¢ : LF — M¥. Here again we drop the subscripts of
the F’s for notational simplicity.

Theorem 7.4. Let ¢ : L — M be a minimal right almost split morphism. Then
there exists an induced morphism ¢ : L — M of F-stable modules such that its
restriction @ : L¥ — MY is a minimal right almost split morphism in mod-AF.
In particular, every almost split sequence 0 — N YL % M =0 in mod-A gives
rise to an almost split sequence

0 NF L pr e gF g

in mod-AY. Moreover, every almost split sequence of AF-modules can be con-
structed in this way.

Proof. Clearly, the last assertion follows from Theorem 5.1l From the construction
of ¢ above, we have Ker ¢ = @/ Ker ¢, and the Frobenius map F; on L induces
a Frobenius map on Ker ¢. Thus, Ker ¢ is F-stable.

For each 0 < ¢ < r — 1, by Proposition and Lemma [7.3] the morphism
@l LI — MU gives the minimal projective resolution of H

L el . 1] Ay Sl
0 —> Homy (—, Ker o) =5 Hom 4 (—, L) £ Homy (—, M) 5 4,00 — 0,

where [ is the inclusion Ker ol — LI Summing up, we obtain a minimal
projective resolution of H ; = @/ —) Hym
0 — Homu(—, Ker @) LN Hom(—, L) LZR Hom 4(—, M) i, Hy — 0,

where & = diag{x[!} : Ker 3 = @/_, Ker ¢l — L. Thus, for each F-stable module
(X, Fx), we get the following exact sequence:

) @x(X)

Homa(X, L) %) Hom, (x, 47) “2)

0— Hom (X, Ker ¢) & My (X) —0.

Now the Frobenius maps on modules induce Frobenius maps F on each space in the
sequence above. It is easy to see that all morphisms in the sequence are compatible
with those Frobenius maps F. This gives the exact sequence

O*>HomA(X,Ker¢)F—> HomA(X,f/)F—> HomA(X,J\;[)F—> H o (X)F —0.
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Then we deduce from Proposition 3.4] the following exact sequence:
0 — Hom 4 (X Ker(¢")) — HOmAF(XF,i/F)
— Hompr (XF, MY) - Hge(XF) — 0.

Since every Af-module is of the form X* (Theorem B.2)), we obtain a minimal
projective resolution of the simple functor H;» in Fun(AF)

~F -
0 — Hom 4 (—, Ker(¢")) = Hom 4r (—, L)
~F - -
2, Homar (—, MF) 25 H o — 0.
Therefore, by Proposition [.2 again, ¢* : L¥ — M¥ is a minimal right almost split
morphism in mod-AF. O

Dually, for each minimal left almost split morphism ¢ : N'— L in mod-A4, we
can construct a minimal left almost split morphism # : N — L¥ in mod-AF in
a similar way. We leave the details to the reader.

8. AUSLANDER-REITEN QUIVERS

We are now going to prove that the Frobenius morphism F on A induces an auto-
morphism s of the Auslander-Reiten quiver Q of A and that the induced modulated
quiver Mg s is isomorphic to the Auslander-Reiten quiver of AF.

We begin with the general definition. Let A be a finite-dimensional algebra over
an arbitrary field k. For an A-module M, let D;; denote the k-algebra

DM = EndA(M)/Rad(EndA(M))

This is a division algebra if M is indecomposable. By definition, the Auslander-
Reiten quiver (or AR-quiver for short) of A is a (simple) k-modulated quiver Q4
consisting of a valued graph I' = 'y and a k-modulation Ml = M4 defined on
I'. Here, the vertices of T' are isoclasses [M] of indecomposable A-modules and
the arrows [M] — [N] for indecomposable M and N are defined by the condition
Irr4 (M, N) # 0, where

Irr 4 (M, N) := Rada(M, N)/ Rad% (M, N)

is the space of irreducible homomorphisms from M to N. Each arrow [M] — [N] has
the valuation (dasn, dy ), with dyry and d); being the dimensions of Irr 4 (M, N)
considered as left D y-space and right D y;-space, respectively. The k-modulation M
is given by division algebras Dy, for vertices [M] and (non-zero) Dy-Djs-bimodules
Irr o (M, N) for arrows [M] — [N].

Remarks 8.1. (1) The AR-quiver of A defined in [I VIL.1] is simply the valued
quiver I'4 together with the translation 7 sending non-projective vertices to non-
injective vertices. The modulation M4 for Q4 is not explicitly mentioned there.
Here we adopt the definition for AR-quivers given by Benson in [2] p. 150]. We
will see that this definition is more natural to fit our situation.

(2) The valuation (d,d’) of an arrow [M] — [N] in Q4 admits the following
description (see [1, VIL1]). If L — M is minimal right almost split, then L =
d'M & Ly, where L, has no summand isomorphic to M. If N — K is minimal left
almost split, then K = dN @ K1, where K; admits no summand isomorphic to N.
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(3) If k is algebraically closed, then Dy = k and dyv = d)y;y = dimy, Irr (M, N)
for all indecomposable A-modules M and N. So the modulation in the AR-quiver
Q4 consists of k-spaces which can be represented by drawing dj; y arrows from [M]
to [N]. In this way, we turn the modulated quiver Q4 to an ordinary quiver.

We return to our usual setup: let k = Fq and let F4 be a fixed Frobenius
morphism on A. Given an indecomposable A-module M, let r = p(M) be the
F-period of M. In view of Remarks E5|(2), we may assume that MU = M (as
A-modules). Then M = M @ MM @ --- @ MI'=1 is F-stable with Fy; : M — M
defined by

FM(QJo,LIZl, NN ,x,._l) = (FM(1‘7-_1), FM(QJ()), SN ,FM($7»_2)).

By Theorem 5.1l M¥ is an indecomposable AF-module. By Proposition 3.4} the

induced Frobenius map F = F( 1,87 O Ends (M) gives a canonical F,-algebra
isomorphism

(End 4 (M)/ Rad End A (1)) = End 4r (MF)/ Rad End 4 » (M),
In particular, if M = X := X ® k for an indecomposable A¥-module X, then
(End 4 (M)/ Rad Enda(M))" = (Dx, )" = Dx.

Let X and Y be indecomposable Af-modules. Up to isomorphism, we may
assume that X = M and Y = N¥ for some indecomposable A-modules M and
N (see the proof of Theorem [B.1]). In fact, we may choose M = X and N =Y}, so
that M and N are indecomposable direct summands of the A-modules X, and Y%,
respectively. We then have

Dx = (D) 2Fyn and Dy = (Dg)F 2 Fyo,
where 1 = p(M) and ro = p(N). Moreover, the Frobenius map Fiy1 5 on
Hom (M, N) induces Frobenius maps on Rad’y (M, N) for each n > 1, and thus,
a Frobenius map F on Irry(M,N). By viewing (IrrA(M,N))F as a Dy-Dx-

bimodule via the isomorphisms (D;;)" = Dx and (Dg)" = Dy, we have the
following lemma.

Lemma 8.2. Let X = M¥ and Y = N¥ be indecomposable AY -modules, where M
and N are indecomposable A-modules. Then the Dy -Dx-bimodules Irr 4 (X,Y)

and (IrrA(M,N))F are isomorphic.

Proof. 1t is clear to see that the restriction of the linear isomorphism given in
Proposition B.4(b) gives an Fy-linear isomorphism

U : Radyr (X,Y) == (Rada(M, N)) s f— f® 1,
and hence, an [ -linear injection
U : Rad%+(X,Y) — (Rad? (M, N))".
Thus, ¥ induces a surjective map
U Trrpr (X,Y) — (Rada (M, N)) "/ (Rad? (M, N)) " 2 (Trea (81, N)) 7

which is clearly a Dy-Dx-bimodule homomorphism. We now prove that ¥ is a
linear isomorphism by a comparison of dimensions.



3612 BANGMING DENG AND JIE DU

For each 0 < s < p(M) — 1 and each 0 < ¢t < p(IN) — 1, we set ng =
dimy, Irr 4 (M1, NTt). Since

Irr g (M, N) = @ Irr o (M, NI,
0<s<p(M)—1
0<t<p(N)—1
we have n := dimy, IrrA(M, N) = Zs’t Ns¢, and so dimp, (IrrA(M,N))F =n. Now,
take a minimal right almost split map L — N. Then, so is L — N by Lemma
73l For each fixed s, it holds that LI = ny Ml @ L, with M4 L, for all
0<t<p(N)—1. Thus, L = nM6 & L, for all s with 0 < s < p(M) — 1, where
ng = ngg)_l ng and Ly = ti]g)_l L. Since L=1L1x nsM[H”@L[Sl] and the
M! are pairwise non-isomorphic, it follows that ny = ngiq forall 0 < s < p(M)—1.
Thus, ny = 557 and L = o35 M @ L' for some F-stable module L' with M { L.
On the other hand, by Theorem [74] (see also Remarks B1(2)), L¥ — NF =Y
is minimal right almost split and
n o - ~ n ~
——MFel*=—_—XoL*
p(M) p(M)
with X t L'F | it follows that if (d, d’) is the valuation of the arrow [X] — [V] in the

AR-quiver Q4r of AY, then d’ = p(%). Hence,

EF

IR

dimg, Trrgr (X, Y) = d’ dimg, Dy = n = dimg, (Trr4 (M, V)"
Consequently, ¥ is a Dy-Dx-bimodule isomorphism. (I

Since the algebra A is defined over the algebraically close field k = F,, we may
regard the AR-quiver @ = Q4 of A as an ordinary quiver (see Remark BT|(3)).
We first observe that Q admits an admissible automorphism s. For each vertex
[M] € Q, s([M]) is defined to be [MM]. If M and N are indecomposable A-modules,
then there are ng; arrows ’ygzl) from [M¥]] to [N[] in Q, where 0 < s < p(M) —1,
0<t<p(N)—1, ng = dimIrrg (M NM) and 1 < m < ng. Note that
Nst = Nsy1,¢41 for all s, ¢, where subscripts are considered as integers modulo p(M)
and p(N), respectively. We now define

5(7;7?)) = 7§Ti,t+l forall 0 < s <p(M)—1and 0 <t <p(N)—1.
Clearly, s is an admissible quiver automorphism and (Q,s) is an ad-quiver.
Associated to (Q,s), we may define a modulated quiver Mg  as in [G23): let
A = kQ denote the path algebra of Q and F' = Fg s be the Frobenius morphism of
A induced by the automorphism s. For each vertex i(M) (i.e., the s-orbit of [M])
and each arrow p (i.e., an s-orbit of arrows in Q) in I'(Q, s), we define subspaces

p(M)-1
Aoy = @ kegpse) and A, = @km
s=0 pEp

of A, which are obviously F-stable. By definition, the F,-modulation M(Q,s) is
given by (Ajan)” and (Ap)F for all vertices i(M) and arrows p in I'(Q, s).

Recall Definition of isomorphisms for modulated quivers. We can now state
the following result.
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Theorem 8.3. The modulated quiver Mo , associated to the AR-quiver (Q,s) of A
defined above is isomorphic to the AR-quiver Q or of A¥'. Moreover, the Auslander-
Reiten translation of A naturally induces that of the fized point algebra A

Proof. It X = M¥ is an indecomposable A¥-module, then clearly, the correspon-
dence [X] — i(M) gives a bijection between vertices of Q r and those of Mg 4
(see Theorem [B.1)). Moreover, there is an isomorphism

(8.3.1)
p(M)—1 p(M)—1
Ai(M) = @ ke[M[s]] — @ Dy 2 Dy, sze[M[sl] — (zs1pp0el)s
s=0 s=0 s

which induces an Fg-algebra isomorphism (A;jan)" = (Dy)" = Dx. As before,
we shall identify (A;ar))® with Dx. Thus, (Ap)¥ is a Dy-Dx-bimodule.

It remains to prove that for X = M¥ and Y = N¥, where M and N are
indecomposable A-modules, there is a Dy -D x-bimodule isomorphism

(8.3.2) P (A" 2hrar(X,Y).

pri(M)—i(N)
By Lemma B2 it suffices to show that we have a (D g)"-(D ;) -bimodule isomor-
phism

~ < \F
(Ap)F = (Irrs (M, N))
pri(M)—i(N)

or a Dg-D y-bimodule isomorphism

(8.3.3) ¢: P A, "o Ira(M,N),
pii(M)—i(N)
which is compatible with the Frobenius morphism F4 on A and F on Irr o (M, N).
Let d and [ denote the greatest common divisor and the least common multiple of
r1 = p(M) and ry = p(N), respectively. As before, let ny = dimy, Irr o (M1, NTH)
and denote by 'yg?) all arrows from [M¥]] to [N] in Q4. Then the set of arrows

(AP0 <s < —L0<t<re — 1,1 <m < nge

is s-stable, and the arrows ’yéf’z) with 0 <t <d—1and 1 < m < ng form a

complete set of representatives of s-orbits in this set, each of which is of length I.
On the other hand, for each 0 < t < d — 1, the space Irrs (M, N is Fl-stable
with [ minimal. Thus, we can choose a k-basis 5&1), 1< m < nog, of Irra (M, N[t])
which are F'-fixed. Then the set

(FUE)10<t<d—1,1<m < no,0<a<l—1}

is a k-basis for P, Irr 4 (M), N) 2 Trr (M, N). Thus, the correspondence
Wé?) — fé?) induces an isomorphism of k-spaces
¢ @ Ay = @k"yg?)ilrr,q(]\z,]\?)
p:i(M)—i(N) s,t,m
sending *yg?ls to Fs(ﬁét?)). Therefore, ¢po F 4 = Fo¢. Using the isomorphism given
in B3], we easily see that ¢ is a D y-D y-bimodule isomorphism. So (§3.3) is
proved.
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To prove the last assertion, we first note that the Frobenius morphism F4 on A
is also a Frobenius morphism on A°P. Since the projective cover of an A-module
is unique up to isomorphism, each F-stable A-module M admits a minimal pro-

jective presentation P; 4, Py 7 M— 0 such that Py and P; are F-stable
projective and that f and 7 are morphisms in mod’-A. Thus the transpose
Tr : mod-A — mod-A°P induces a functor 7 : mod’-A4 — LMF-AOP, where,
for example, mod’ -4 denotes the factor category of mod’-A4 modulo morphisms
factoring through an F-stable projective A-module. It is obvious that the dual
D = Homy(—, k) : mod-A — mod-A°P induces a dual D : m_odF—A — TMF—AOP.
On the other hand, for the fixed algebras AF and (A°P)" = (AF)”, we also have
the transpose Tr" : mod-A" — mod-(A")*” and the dual D = Homg, (—,F,) :
mod-A" — mod-(A")?. Furthermore, the functor ® = ®, : mod™-4 —
mod-AF defined in the proof of Theorem induces functors 4 : mod?-4 —
mod-AF and &4 : mod’ -A — mod-AF. By Proposition [3.4] we finally have the
following commutative square

mod’-A DT modF—AOp

q)A q)Aop
F . F

mod-AF _prIr, mod-(A°P)"

O

Remarks 8.4. (1) By the definition of s, each (A,)" is a simple Dy-Dx-bimodule.
Thus, the isomorphism in ([83.2]) gives a decomposition of the Dy-D x-bimodule
Irr 47 (X,Y) into the sum of simples.

(2) By Theorems [74] and B3] we see that the Auslander-Reiten theory for al-
gebras defined over a finite field F, is completely determined by the theory for
algebras defined over the algebraic closure F,.

(3) We point out that certain behaviour of Auslander-Reiten sequences under
base field extension has been investigated in [27].

9. COUNTING THE NUMBER OF F-STABLE REPRESENTATIONS

In this section, we shall use the theory established in §6 to count the number
of representations (resp. indecomposable representations) of a finite-dimensional
hereditary (basic) F,-algebra in terms of representations of an ad-quiver. In par-
ticular, we shall prove that, for a given dimension vector, these numbers are poly-
nomials in ¢q. This generalizes [I9, Corollary 3.5] to arbitrary F,-modulated quiver.

Let (@, o) be an ad-quiver and let Mg , be the associated modulated quiver with
underlying valued quiver I' = T'(Q,0) = (I,T';). By definition, a representation
V = (V,¢) of Q over k consists of a Qp-graded k-vector space V = @ier V; and
a family of k-linear maps ¢ = (¢,), with ¢, : V; — V; for every arrow p : i — j
in Q1. A morphism from (V,¢) to (V',¢') is given by a Qp-graded morphism
f=1(fi)i : V. — V' such that f;, 0 ¢, = ¢}, o fs, for each arrow p. We denote by
Rep @ = Rep 1@ the category of all finite-dimensional representations of @) over k.
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It is well known that mod-A, where A = kQ, and Rep Q are equivalent categories.
For each Qy-graded vector space V = @ZEQO Vi, we call

dimV :=» (dimy V;)i € NQo
iel
the dimension vector of V.

Following Lusztig [30], by C; we denote the sub-category of the category Vi r,
(see the definition before Lemma [2.3)) whose objects are Qp-graded k-vector spaces
V= @ngo V; with an F-rational structure determined by a Frobenius map F' =
Fy : V. — V such that F(V;) = V) for each i € Qp. The morphisms in C; are
k-linear maps compatible with both the gradings and the Frobenius maps. Note
that, for each a = Zz‘er a;t € NQo satisfying a; = ay;), Vi € Qo, there is a
unique, up to isomorphism, object in C; with dimension vector « (see the remarks
before Lemma [223)).

A representation (V, ¢) of Q with V' € C; is called F-stable if, for each p € Qq,
the equality F o ¢, = ¢5(,) o F' holds, that is, the following diagram commutes:

Pp

th Vhp

F F

Do (p)
Vo(tp) Vo (hp)

Let Rep (Q, o) be the category consisting of F-stable representations of Q to-
gether with morphisms in Rep @ which are compatible with Frobenius maps. Then
Rep ¥(Q, o) is an abelian F -category. It is easy to see that the equivalence between
mod-A and Rep Q induces an equivalence between mod®'-A, where F = Fg,0,q and
Rep ¥(Q, o). Hence, by Theorem 321 Rep ©'(Q, o) and mod-A”" are equivalent.

The quiver automorphism o extends linearly to a group automorphism ¢ on
ZQo defined by o(}_,cq, @il) = e, @io(i). Clearly, if V' is F-stable, then
o(dimV) = dimV. Let (ZQo)° denote the o fixed point subset of ZQ. This
set can be identified with the group ZI via the canonical bijection

(9.0.1) 51 (2Qo)” — ZI; > bii— > ai,
1€Qo iel

where a; :=b; = b; for all 4,j € i (see [21], §2]). In particular, the dimension vector
dim X =Y., dii € NI of an A¥-module X can be defined by

dim X = ¢(dim (X ® k)).

icl

Note that if, for each i € I, S; denotes the simple Af-module corresponding to the
idempotent e; = Ziei e; of AY, then d; = diquei e; X is the number of composition
factors isomorphic to Sj in a composition series of X.

Given a matrix & = (z;;) € K™*" and an integer r > 0, we define

2l = (1:;1]) € KM,

For each 3 = Y2, bii € (NQo)7, let V; = k% for each i € Qo. We define
a Frobenius map F' on the Qy-graded vector space V = @z’er V; such that, for
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v eV, F(v)=vllle Vo) for all i € Qp. We further define
R(ﬂ) = R(Q7/6) = H Homk(kbw,kb’m) o~ H kbhpxbt,,.

pPEQ1 pEQ
Then the Frobenius map F on V induces a Frobenius map on the variety R(f) such
that, for x = (z,) € R(f), F(x) = (y,) is defined by

Yp(F(v)) = F(xg-1(p)(v)) forall pe€Qr,v€ Voipy.

By viewing each x, as a matrix over k, we have y,(,) = x[pll. Obviously, a point

x = (x,), of R(f) determines a representation V(z) = (V;,z,) of Q. The algebraic
subgroup
GB) = ] GLu.(k)
1€Q0
of GL(V) acts on R(8) by conjugation

(gi)i : (xp)p = (ghpxpgt_pl)pa
and the G(f)-orbits O, in R(() correspond bijectively to the isoclasses [V (x)] of
representations of () with dimension vector f3.

The Frobenius map F on V also induces a Frobenius map on the group GL(V)
given by

F(gv) = F(g)(F(v)) forall g¢geGL(V),veV.
It is clear that the subgroup G(f3) is F-stable such that F(g),) = gz[l] for g =
(9:) € G(B). The action of G(3) on R(j) restricts to an action of G(3)F on R(3)F.
Then, the G(3)F-orbits in R(B)!" correspond bijectively to the isoclasses of F-
stable representations in Rep ¥'(Q, o) with dimension vector 3, or equivalently, to
the isoclasses of A¥-modules with dimension vector &(/3).

For each oo = ) ;. ; a;i € NI, let Mg (v, q) (resp. Igo(a,q)) be the number of
isoclasses of Af-modules (resp. indecomposable A-modules) of dimension vector
«. Further, as indicated above, Mg , (o, ¢) is the number of G(3)%-orbits in R(3)F,
where 8 =671 (a) € NQo.

Write § = Zz‘ng b;i. Note that b; = a; for all + € i. For each i € I and each
arrow p :i— jin I', we define

Gi = [[ GLu, (k) and R, = ][ Homy (k" k) = T kbrexbee.
i€i pEP PEP
By fixing an iy € i and a pg € p, we can identify

Gf = {(9:)ieilgoe) = 9/ for all i € i}

with GLg, (Fgei) by g5 := (94)ici — i, and identify
RS =1{(2p)peplTo(p) = xg] for all p € p}
with IFZ’;:ai by zp = (2))pcp — Tp,. Hence, we may identify their products
GB)" =] G and R(®)" = [] R}
icl pel,
with
G =[] GLay(Fget) and X := [ Feiy™,

iel pely
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respectively. Under this identification, the action of G(8)f on R(8)! becomes the
action of G on X: for g = (¢;) € G and = = (z,) € X,

(g-2)p= gJ[ sl (gl[ ])_1 for each arrow p :i — j,

where 0 < 7, <e&;—1and 0 < s, < g5 — 1 are determined by po : 07° (39) — o°°(jo)
(see Remark [6.7)(1)). Then Mg (v, q) is the number of G-orbits in X.

For each g = (g;) € G, weset X9 ={z € X |g-e =z} and Gy ={h € G| hg =
gh}. By Burnside’s formula, we have

X9
Mg (o, q) = |G|Z| Z G

gea geccl(@) |Gyl

where ccl(G) is a set of representatives of conjugacy classes of G. Further, we have

| X9 = H [ X7| and |G| = H|GLai(Fqsi)gi|a
pii—j iel
where XJ={z, € IFaJxa’ | gj[‘s"]:cp xpgl[r" }and GLg, (Fgei ) g, = {hi € GLo,(Fyei) |
higi = glh }.

In order to compute Mg »(a, q), we need to deal with the conjugacy classes in
GL,(Fyr) for m,r > 1 (see, for example, [28, Chap. IV]).

We denote by ®(g") the set all irreducible polynomials in indeterminate 7" over
F, with leading coefficient 1, excluding the polynomial 7', and by P the set of
all partitions, i.e. finite sequences A = (A1, Ag,...) of non-negative integers with
)\1 > Xy 2 ---. For A\,peP, we define [\ =37, Ai, ba(q) = [[;5,(1—¢)(1—¢?)

(L —¢™), and (A, p) = >, ;min{;, p;}, where n; is the number of A;’s with
Aj =i

It is known that the conjugacy classes in GL,,(F,~) are in one-to-one corre-
spondence with the isoclasses of F,r[T]-modules of dimension m. The latter is
parametrized by the functions 7 : ®(¢") — P such that 3 g, d(@)|m(p)| = m,
where d(p) denotes the degree of . Each such function = corresponds to the

module
P PF, 1)/,

ped(qr) 21

where 7(¢) = (m1(), m2(9), - ).
Let ¢ € GL,,(Fy) be in the conjugacy class corresponding to the partition

function 7 : ®(¢") — P. Then we have (see [28] p. 272])

‘GLm(FqT)g‘ = ‘{h € GLm(FqT)‘hg = gh}\ = H qrd(wxﬂ(s&)’w(@»bw(@)(qird(w)'
pEP(q7)
Further, let s,t,n1,n2,n > 1, be such that nq|n and na|n. Take g1 € GLg(Fgn1)

and g2 € GL(Fyn2) such that their conjugacy classes correspond respectively to
partition functions 7! : ®(¢™) — P and 72 : ®(¢"2) — P. By [20, p. 253], we have

‘{ZIJ c F255|92x — $g1}| — q"2¢e<p(q"1),we<p(q"2) d(¢7¢)<771(9”)>772('/1)>’

where d(y, 1) denotes the degree of the greatest common divisor of ¢ and ¢ over a
common extension field of Fyny and Fgn.. (Note that d(p, ) is independent of the
extension field.)

It follows that the conjugacy classes in G = [[;.; G I Ly, (Fgei) are in one-to-one
correspondence to multi-partition functions 7 = (7i)jes of 7' : ®(¢%1) — P with
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Y ped(e) d(p) |7 ()| = a;. The set of all such multi-partition functions is denoted
by . For each m € 3, choose an element g™ = (¢]); € G such that its conjugacy
class corresponds to 7. Thus, we have

|var‘ = H |GLai(}Fqsi)giﬂ—‘ = H H qud(V;)<7Ti(LP))Fi(¢)>bﬂ_i(q})(q*6id(¢)).
iel i€l ped(¢°i)

Clearly, for each i € I, 7! corresponds to the conjugacy class of g in G'Lg, (Fy=: ). Let
0 < s < g5 — 1 and denote by 7![s] the partition function ®(¢%) — P corresponding
to the conjugacy class of (gf)!*l. Then we get

|Xgﬂ| = H ‘Xgﬂ| = H qspzw@(qsi),wequj)d(“”wx”i[“](‘ﬁ)’”j[s"](w»
A .
pii—j pii—j
Finally, we deduce

(9.0.2)

H . .quEkaq)(qsi)’weq,(qu)d(¢»¢)<77i[7'p](¢)7ﬂj[sp](¢)>
pii—j

eid(){(mi(p), (@) (q*fid(w)) ’

TEP Hief Hwe‘b(qfi) q i(p)
An orientation of the underlying graph_@ of @ is called o-admissibld? if it is com-
patible with the graph automorphism of @ induced by ¢. Obviously, the orientation

of @) itself is o-admissible.

Theorem 9.1. The number Mg -(a,q) is a polynomial in g with rational coeffi-
cients and independent of the o-admissible orientation of Q).

Proof. By (O.0.2), Mg » (o, q) is a rational function in ¢ over Q. Since Mg »(«, q) €
Z for all power g = p° of a prime p, it follows that Mg ,(a,q) is a polynomial.
Further, whenever ig € i and pg € p for i € I and p € I'; are fixed, and the
numbers 7, and s, for each p € I'y are clearly independent of the orientation of
p, we have again by (Q0.2) that Mg ,(a, ¢) is independent of the orientation of T,
i.e., the o-admissible orientation of Q. (I

By induction on the height hto := ), ; a; of a = ), ; a;i € NI, we deduce the
following; see [I9] for the case of natural F,-modulated quivers (Remarks 6.7(2)).

Corollary 9.2. The number I (o, q) of isoclasses of indecomposable A¥ -modules
of dimension vector « is a polynomial in q with rational coefficients and independent
of the o-admissible orientation of Q.

10. KAC’S THEOREM FOR THE SYMMETRIZABLE CASE

In this last section, we present an application to Lie theory. We keep the notation
introduced in §9. Thus, (Q, o) denotes an ad-quiver and Mg , is the associated
modulated quiver with the underlying valued quiver I' = I'(Q, o) = (I,T'1).

3The o-admissible orientations of the underlying graph of @ correspond to the orientations of
the underlying graph of I'.
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The quiver () defines a symmetric generalized Cartan matrix Cg = (a4;)i,jeQ,
given by

]2 if i =,
g = —|{arrows between i and j}| if i # j,
while the valued quiver I' defines a symmetrizable generalized Cartan matrix Cr =

(bij)i,jeI given by
b {2 if i=j,
N —Zpsp/ei if i+ j,

where the sum is taken over all arrows p between i and j (see (G21])). In fact, all
symmetrizable generalized Cartan matrices can be obtained in this way.

Let A(T') C ZI be the root system associated with the valued quiver T', or
equivalently, the root system of the Kac-Moody algebra associated with the Cartan
matrix Cr (see [24] or [26] for its definition). We shall write A(Q) for A(T") ifo =1
and A(T')™ for the positive root system of A(T"). Putting Ig(a, q) = Ig1(a,q)
(see@2)), it is proved in [24] that the polynomial Ig (e, q) is non-zero if and only if
a € A(Q)T. Moreover, Ig(a,q) =1 if o is real. This is known as Kac’s theorem
which links the representations of a quiver with its associated (symmetric) Kac—
Moody algebra. We shall see below that this relation remains true for a modulated
quiver and its associated Kac—Moody algebra. Thus, Kac’s theorem holds in the
symmetrizable case. See Remarks[I0.4] below for other proofs of this generalization.

For 8 € A(Q), let t > 1 be the minimal integer satisfying o*(3) = 8. We call ¢
the o-period of 3, denoted p(3) = ps(8). Recall from ([@.0.1]) the group isomorphism
6 : (ZQo)° — ZI which induces a map from A(Q) to A(T") in the following.

Lemma 10.1 ([34], [21] Prop. 4]). Let 8 € A(Q) and let
Bi=B+0(f)+ - +0"H(B) € (ZQu)7,

where t = py(B). Then B —— &(B) defines a surjective map A(Q) — A(T).

Moreover, if 6(3) is real, then (8 is real and is unique up to o-orbit.

Let A be the path algebra kQ of Q over k = F, and let F = Fg,, be the
Frobenius morphism on A induced from ¢. In order to prove the following result,
we recall from [21] §3] the definition of an isomorphically invariant representation of
Q. Given a representation V = (V, ¢) of Q over k, we define a new representation
V= ("V,¥) of Q by (°V); = Vo1 and 9, = ¢y-1(, for all i € Qo and
p € Q1. The representation V is called isomorphically invariant if V=2 V. Such
a representation V is said to be isomorphically invariant indecomposable if it is
not a direct sum of two non-zero isomorphically invariant representations. Since
the Frobenius morphism Fg ,, on A is the composition of the standard Frobenius
morphism Fg 1 4 and the algebra automorphism of £Q) induced from o, we have the
following relation between isomorphically invariant representations and F-stable
representations.

Lemma 10.2. Let V = (V,¢) be a representation of Q defined over Fy (i.e., all
linear maps ¢, are defined over Fy). Then V is F'-stable (with respect to Fg 5. 4) if
and only if V is isomorphically invariant.

Proof. If V is defined over Iy, then the Frobenius twist VIV for some Frobe-
nius map Fy on V is isomorphic to “V (see §9). Now the assertion follows from
Proposition E3|(b). O
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Theorem 10.3. The polynomial 1g (., q) is non-zero if and only if « € A(T)*.
Moreover, if « € A(T)" is real, then Ig »(a,q) = 1.

Proof. Let X be an indecomposable A”-module with End 4 (X)/Rad(End 4r (X))
~ F,. By Theorem [5] there is an indecomposable A-module M such that M =
M and

Xp=Xep, k2MoMUe. .. .oMr-l

Moreover, M, MM, ... MI—1 are pairwise non-isomorphic. By Kac’s theorem,
the dimension vector 8 := dim M lies in A(Q)*. Let ¢ be minimal such that
ot(B) = B. Since dim M = o(dim M), we have t|r and

. r— T
dim Xy = B+ 0(B) + - +0"7(3) = 25
If 3 is an imaginary root, then (/) is an imaginary root in A(I')*. We conclude
that

dim X = 6(dim X)) = %6(3)

is an imaginary root in A(T')". If 3 is real, then r = ¢. This implies that dim X =
6(3) is a real root in A(I')*.

Conversely, let « € A(T')". Then by [21, Thm 1], there is a representation V' of
Q over an algebraically closed field k = FF,, for some prime p (p does not divide the
order of ) such that V is isomorphically invariant indecomposable of dimension
vector 6 !(a). Suppose V and all its summands are defined over a finite extension
F, of F,,, where ¢ = p® for some s > 1. Then V is F-stable by Lemma with
respect to the Frobenius morphism F' = Fy ;4 on A = kQ. This gives rise to an
AF-module V¥ of dimension vector . We claim that V" is an indecomposable.
Indeed, suppose VI = X; @& X, with X; # 0 # X,. Then

V=V" &g, k= (X; &, k) & (X2 Ox, k).

Since both X; ®r, k and Xz ®p, k are F-stable and defined over F,, they are
isomorphically invariant by Lemma again. This contradicts the fact that V'
is isomorphically invariant indecomposable. Hence, V¥ is an indecomposable A*-
module of dimension vector . This implies that the polynomial I , (e, q) is non-
Zero.

Now let @ = &(B) be a real root. Then, by Lemma[I0.1]l 3 is real. Again by Kac’s
theorem, there is a unique indecomposable A-module M with dimension vector (.
Since dim M = ¢*(dim M) = dim M, where ¢ is minimal such that o*(8) = 3,
we have M) = M. Hence, by Theorem [5.1], we obtain an F-stable module

M2MoMVg...0 MEY

such that M¥ is an indecomposable AF-module whose dimension vector is &(3) =
a. The uniqueness of such an indecomposable module follows from the fact that g
is unique up to o-orbit. ([

Remarks 10.4. (1) In the natural F,-modulated quiver case (see Remarks [6.7]), this
result has been partially proved by Hua [19, Theorem 4.1] and completely proved by
Hubery [21, Theorem 24]. Although Theorem [I0.3l covers all F-modulated quivers,
the sufficient part in our proof is somewhat indirect, based on Theorem 1 given in
[21].
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(2) By using the Ringel-Hall algebra approach, it has been proved in [§] that,
for any prime power ¢ and dimension vector «, the number Ig »(a,q) # 0 if and
only if « € A(T')™. This is stronger than the statement in Theorem 0.3l

It should still be interesting to find a direct proof of Kac’s theorem in the mod-
ulated quiver case. We end the paper with the following conjecture which provides
such a direct link of Kac’s theorem with its generalization.

Conjecture 10.5. Let A be the path algebra of an ad-quiver (Q, o) without oriented
cycles. Let 3 € A(Q)*. Then there exists an indecomposable A-module M with
dimension vector 8 such that pp(M) = p,(8).

We claim that this conjecture immediately implies that Ig ,(c,q) # 0 for each
a € A()T. Indeed, for any o € A(T')T, there exists a 3 € A(Q)T such that

a = 6(83). By Kac’s theorem, we have I 1(8, ¢) # 0 for some ¢g. Now the existence
of such an M guarantees that the associated F-stable module M defined in EOT)
has dimension vector ,5 Thus, the indecomposable module MF has dimension
vector a. Therefore, Ig , (v, q) # 0.
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